Abstract. In this paper we consider a model on a Cayley tree which has a finite radius of interactions, the model was first considered by Rozikov. We describe a set of periodic ground states of the model.
and we write < x, y >. A collection of the pairs < x 0 , x 1 >, < x 1 , x 2 >, . . . , < x d−1 , y > is called a path from x to y. The distance d(x, y), x, y ∈ V is the length of the shortest path from x to y in V .
For the fixed x 0 ∈ V we set W n = {x ∈ V | d(x, x 0 ) = n},
It is known (see e.g. [2] ) that there exists a one-to-one correspondence between the set V of vertices of the Cayley tree of oreder k ≥ 1 and the group G k , of the free products of k + 1 cyclic groups {e, a i }, i = 1, . . . , k + 1 of the second order (i.e. a 2 i = e, a −1 i = a i ) with generators a 1 , a 2 , . . . , a k+1 .
Configuration Space and the model
We consider models where the spin takes values in the set Φ = {1, 2, . . . , q}, q ≥ 2. For A ⊆ V a spin configuration σ A on A is defined as a function x ∈ A → σ A (x) ∈ Φ; the set of all configurations coincides with Ω = Φ V . We denote Ω = Ω V and σ = σ V . Also we define a periodic configuration as a configuration σ ∈ Ω which is invariant under a subgroup of shifts
More precisely, a configuration σ ∈ V is called F k -periodic if σ(yx) = σ(x) for any
For a given periodic configuration the index of the subgroup is called the period of the configuration. A configuration that is invariant with respect to all shifts is called translationalinvariant.
For A ⊂ V let us define a generalized Kronecker symbol (see [6] ) as the function U (σ A ) :
where as before Φ = {1, 2, . . . , q} and |σ A ∩Φ| is the number of different values of σ A (x), x ∈ A.
For instance if σ A is a constant configuration then |σ A ∩ Φ| = 1.
Fix r ∈ N and put r ′ = [ 
We consider the energy of the configuration σ ∈ Ω is given by the formal Hamiltonian
where J ∈ R. This Hamiltonian was first considered by Rozikov [6] .
Ground states
The ground states for the model defined on Z d can, for example, be found in [3] , [7] .
In [1] , [5] the ground states of Ising and Potts models with competing interactions of radius r = 2 on the Cayley tree were described.
Let GS(H) be the set of all ground states, and let GS p (H) be the set of all periodic ground states. Proof a) Easily follows from (1), (2) and Definition 1.
b) Since J < 0 to construct a ground state it is necessary to consider configurations σ with a condition, that U (σ b ) = 0 for all b ∈ M , i.e. on any ball b ∈ M the configuration σ is such that σ(x) = σ(y) if x = y. Therefore we will construct a normal subgroup F of index 2 m such, that any element of the set S 1 (e) = {e, a 1 , . . . , a k+1 } is not equivalent (with respect to F ) to each other element of the set. Since k + 2 ≤ q we get k ≤ q − 2. Consider a normal subgroup We can define sets A i , i = 1, 2, . . . , m, as follows
Let's notice, that 
